Terahertz (THz) frequency radiation, 0.1 THz to 20 THz, is being investigated for biomedical imaging applications following the introduction of pulsed THz sources that produce picosecond pulses and function at room temperature. Owing to the broadband nature of the radiation, spectral and temporal information is available from radiation that has interacted with a sample; this information is exploited in the development of biomedical imaging tools and sensors. In this work, models to aid interpretation of broadband THz spectra were developed and evaluated. THz radiation lies on the boundary between regions best considered using a deterministic electromagnetic approach and those better analysed using a stochastic approach incorporating quantum mechanical effects, so two computational models to simulate the propagation of THz radiation in an absorbing medium were compared. The first was a thin film analysis and the second a stochastic Monte Carlo model. The Cole-Cole model was used to predict the variation with frequency of the physical properties of the sample and scattering was neglected. The two models were compared with measurements from a highly absorbing water-based phantom. The Monte Carlo model gave a prediction closer to experiment over 0.1 to 3 THz. Knowledge of the frequency-dependent physical properties, including the scattering characteristics, of the absorbing media is necessary. The thin film model is computationally simple to implement but is restricted by the geometry of the sample it can describe. The Monte Carlo framework, despite being initially more complex, provides greater flexibility to investigate more complicated sample geometries.
Introduction
Terahertz (THz) radiation is electromagnetic in nature and is in the frequency range of 1 × 10 11 Hz to 2 × 10 13 Hz. This lies between the infrared and microwave regions of the electromagnetic spectrum in an area that has been labelled the 'terahertz gap' due to a lack of sufficiently powerful sources that worked at room temperature. The mechanisms of interaction of THz radiation with tissue (Smye et al 2001) suggest that it may have applications in the study of biological tissues. Simulating the propagation of THz radiation within biological tissue, and understanding the underlying interaction mechanisms, is essential for developing medical applications of THz radiation.
THz radiation is highly absorbed by water and this limits the medical applications of this new modality. Preliminary investigations suggest, however, that the penetration depth of THz radiation could be as much as a few millimetres within fatty tissue (Berry et al 2003) . Surface tissue is therefore being investigated using THz techniques; experiments have shown that the stratum corneum (approximately 30 µm), dermis and epidermis can be distinguished in human skin (Cole et al 2001) . Human skin has been used here as a focus for the development of models and for simulations of tissue, but the principles are applicable to other types of tissues.
At large wavelengths in biological tissue (microwave and above) a classical wave-based approach is most useful. This is an approach that has been taken by others, and an overview of techniques is given by Girard and Dereux (1996) . However at shorter wavelengths (infrared and below), the classical description of electromagnetic radiation may not be useful and an approach from a quantum mechanical perspective is more easily adopted. As it was not known at what wavelength, if any, the classical approach would cease to be valid, the first aim of this work was to develop and evaluate, using a water-based phantom, two alternative computational models: a thin film model and a Monte Carlo model. In the former, a classical analysis was accommodated with a wave-based reflectionand transmission analysis within a layered structure using Stokes scattering matrices (Hadjiloucas et al 1999) . For the Monte Carlo model, a quantum mechanical description was adopted to follow photon trajectories within the layered structure.
The physical properties of a medium, which dictate how radiation is scattered, absorbed and reflected, are essential for modelling but are also of practical interest because they may carry information useful for diagnosis or characterization. In both models, a theoretical description of the variation of the physical properties with frequency was used, together with an associated assumption that attenuation by absorption and reflection was dominant and that scattering could be neglected. The second aim of this study was to obtain preliminary data about the validity of this description of attenuation.
Physical properties of the phantom materials used in the models
In this study, the interaction between THz radiation and the medium is characterized by the complex permittivity of the medium (ε). When the response of the medium to electromagnetic radiation is not resonant, the frequency dependence of ε can often be successfully fitted to analytic expressions, which include bulk reorientational relaxation times, τ , as the principal physical parameters. The simplest treatment is to include a single relaxation time, as is the case in the Debye model. The Cole-Cole model is one approach that allows the inclusion of several different relaxation times to describe ε. The Cole-Cole model has been successfully used in the parametrization of tissue interactions up to 100 GHz (Gabriel et al 1996) and in the characterization of the interactions between THz radiation and dipolar liquids up to 1 THz (Kindt and Schmuttenmaer 1996) . The model has been used as follows to describe (Kindt and Schmuttenmaer 1996) up to 1 THz, region A. (b) Cole-Cole plot for the absorption coefficient as a function of frequency for water and propanol-1. These distributions are only experimentally validated (Kindt and Schmuttenmaer 1996) up to 1 THz, region A.
the frequency-dependent properties of the water and propanol-1 mixtures in the evaluation phantoms.
Firstly, the frequency dependence of complex permittivity ε (ω) was determined, for water and propanol-1 separately, using equation (1),
and ω is the angular frequency, ε 1 is the static dielectric constant, ε j are the intermediate steps in the dielectric constant in frequency, ε n+1 = ε ∞ is the limiting value at high frequency, n is the number of relaxation processes, τ j are their relaxation times and α j and β j are parameters necessary for the Cole-Cole model to describe a continuous distribution of relaxation times. The resulting variation with frequency of the physical parameters of water and propanol-1 are shown in figures 1(a) and (b), where equations (2) and (3) were used to express the complex permittivity in terms of refractive index and absorption coefficient. These values, below 1 THz, agree with those in Kindt and Schmuttenmaer (1996) . Note that in the initial models, it has been assumed that scattering may be neglected.
A range of different concentrations of water and propanol-1 were used in the experiments, and the physical parameters for these were found by averaging the physical parameters for pure distilled water and propanol-1 weighted by the appropriate volume ratio. The physical properties of the optically transparent plastic material TPX, which is used to hold the liquid samples, were assumed in this work not to vary with frequency. Refractive index was set to 1.43 (Kimmitt 1970) and absorption coefficient to zero. The latter assumption was confirmed by experimental measurements of absorbance of a 2 mm thick TPX sheet. In the range from 1 to 2 THz, the absorbance was 0.13 ± 0.04, where absorbance is given by log 10 (I 0 (ω)/I(ω)); I(ω) is the intensity transmitted with the sample present at frequency ω/2π and I 0 (ω) is that with no sample present.
Experimental and computational techniques

Pulsed terahertz generation and detection
Experimental work was performed on the Leeds pulsed THz imaging system; this is powered by a Spectra Physics Millenia, a diode laser producing 8 W of continuous wave power at 532 nm. The oscillator is a Spectra Physics Tsunami, which is a titanium:sapphire solid-state pulsed laser operating at 800 nm. It produces pulses at 82 MHz and has an average power output of 1.3 W; the pulses have a duration in the region of 30 fs. A pump probe method is used to generate and detect the THz pulse, which has a useable bandwidth approximately from 0.5 to 2.5 THz. The laser output is split into two beams, the pump and the probe beam. The pump beam is used to generate the THz radiation, while the probe beam is used for THz detection. Illumination of a crystal with a high second order susceptibility results in the generation of THz radiation, a process known as optical rectification or optical mixing (Rice et al 1994 , Zhang 1995 , Zhang et al 1992 . 45
• off axis parabolic mirrors are used to focus the THz beam onto the sample. Data can be collected from either the radiation reflected from the sample or the radiation transmitted through the sample, depending on the optical layout of the system. In this paper transmission measurements will be considered. An image can be created by moving the sample in a raster fashion across the THz beam, however in this study only single point spectra are considered. Detection occurs in a second non-linear crystal. The probe beam and THz beam illuminate the second crystal; the presence of the THz radiation causes a change of polarization in the probe beam. This change of polarization is directly proportional to the amplitude of the electric field of the THz beam and can be subsequently measured. By delaying the probe beam, the electric field of the THz beam can be recorded, in intervals of the order of picoseconds giving a THz pulse for each pixel of the image recorded.
Phantom description
The phantom was designed to mimic a layered structure, where the central layer had a similar thickness to those of the component layers of skin. A 180 µm layer of distilled water/propanol-1 solution was encased by two 2 mm sheets of TPX (poly-4-methylpent-1-ene). Thirteen different concentrations of the water/propanol-1 solution were used in the validation experiments. Concentrations ranged from 50% water 50% propanol-1 to 100% propanol-1. For each of the 13 concentrations, 1024 data points were recorded in time domain with a time step of 80 fs, which corresponds to a frequency resolution of 12 GHz after the Fourier transformation.
Thin film model
A thin film analysis was applied to a series of slabs of material with homogeneous physical and optical properties. This is a method of solving Maxwell's equations for the electromagnetic radiation passing through the medium. The mathematical formulation presented assumes normal irradiance of the incident light on the sample but this can be altered for acute incidence. In the imaging system described the sample is placed in the focal plane of the THz beam, however due to the geometry of the optics of the system the divergence of the beam is negligible. Therefore the approximation of normal irradiance is valid. The dimensions of the layers and optical properties of the sample will be predetermined and any number of layers is feasible within the mathematical framework, as a scattering matrix is calculated from these parameters for each layer of the sample. Hence the layers of the skin can be built up assuming that the interface between them is linear. This is obviously not the case and there is no facility within the model to complicate the geometry of this interface, however this may not be important as the deviations of linearity in tissue are much smaller than the incident THz wavelength. This type of analysis has been used to measure the water content of leaves using THz radiation (Hadjiloucas et al 1999) .
The system used in the analysis comprised three layers of medium through which the THz pulse transverses, and is shown schematically in figure 2. Both the transmitted and reflected THz waveforms were modelled using the expressions given in the appendix. This analysis was performed for each frequency in the THz spectrum obtained by the Fourier transformation. For the measurements here, these frequencies were separated by 12 GHz.
Monte Carlo model
A distribution of photons representing a terahertz pulse in free space was generated as described in section 3.4.1. Modelling was based on the probability of two types of interactions between the photon and the sample (figure 2). Firstly, the Fresnel coefficients were used to determine the probability of reflection when the photon reached a boundary in the sample, which meant that multiple reflections within the sample were also simulated. Secondly, the probability distribution for absorption was sampled when the photon was in the water/propanol-1 region of the sample to determine if the photon continued on its trajectory. The photons that passed through the medium were reconstructed into the transmitted frequency spectrum, while the photons that were reflected were reconstructed into the reflected frequency spectrum.
Generation of statistically independent photon ensembles.
In practice, the THz pulse is measured as an electric field strength at discrete time intervals t, and the frequency spectrum is obtained by the Fourier transformation. However, the spectral description in the Monte Carlo model is made in terms of a photon distribution, so in order to provide a realistic spectrum to the model, it was necessary to convert the measured electric field strength into an ensemble of photons.The measured electric field strength from free space transmission was first Fourier transformed, and the resulting spectrum normalized so that the sum of the intensities over all frequencies was one. It was then assumed that this spectrum contained 10 6 photons, and the number of photons, m, at each frequency step was calculated from the normalized spectrum. However, this distribution was unsuitable for modelling as it provided just one photon ensemble that did not include the statistical nature of coherent photon detection. To ensure the generation of statistically independent ensembles, a two-stage statistical approach was then used to construct an ensemble of photons. Firstly, at each frequency, the number of photons, m, was weighted with a Poisson distribution, P m (t), for the period of detection t, where
m = ξI t, where ξ is a constant related to the efficiency of the detection process and I is the mean radiation intensity measured during the period t (Loudon 1974) . At the second stage, a random number was generated and used to select a frequency. The random number was compared with both the normalized spectral intensity and P m (t), and a photon was included in the ensemble at that frequency only if the random number was smaller than both parameters. This process was repeated until the desired number of photons had been included in the ensemble.
Comparison of model results with experiment
The experimental spectra and thin film spectra were converted to photon distributions using the method described in section 3.4.1. The experimental results were compared graphically with the output of the two models. A numerical comparison was made by summing, over all frequencies, the squared differences between model and experimental results.
Comparison of Cole-Cole prediction with experiment
Both models were run using predictions of the frequency-dependent refractive index and absorption coefficient obtained from the Cole-Cole model as described in section 2. The predictions have been experimentally verified for frequencies up to 1 THz (Kindt and Schmuttenmaer 1996) , but may not be valid at the higher terahertz frequencies, and this would lead to differences between the modelled and experimental results. To find the values that would give the closest fit between model and experiment at each frequency in the spectrum, the thin film simulation results were fitted to the experimental data by varying the physical parameters used in the simulation until the optimum match was found. A quadratically convergent fitting routine was used (Press et al 1992) . A comparison between the Cole-Cole prediction and the values that would give the closest fit between model and experiment was made for each of the 13 samples.
Results
Comparison of model results with experiment
For one specific water/propanol-1 concentration, 54.2% propanol-1, the thin film simulation, Monte Carlo simulation and experimental spectra are presented graphically in figure 3. In figure 3 (a) the results are presented up to 1 THz where the physical properties of the water propanol-1 solution had previously been experimentally verified (Kindt and Schmuttenmaer 1996) , and in this region the ability of the models to simulate experiment is seen. In figure 3 (b) the results are presented up to 3 THz, the broadband spectrum of the THz source. This result is an example and was typical of all 13 simulations. The square root of the sum of the squared difference between the simulated results and the experimental results is given in table 1. 
Comparison of Cole-Cole prediction with experiment
Below 1 THz, for each of the 13 samples, there was a close agreement between the ColeCole predicted absorption coefficient and the value that best fitted model to experiment. However, it was found that at frequencies above 1 THz better agreement was obtained between simulated and experimental results by using an absorption coefficient in the simulation that was between 30% and 50% higher than that predicted using the Cole-Cole model. For example, a comparison is shown in figure 4 of the absorption coefficient determined using the Cole-Cole model and that from the fitting routine, for a solution of 54.2% propanol-1 with distilled water. Again this is one specific example, typical of the 13 simulations carried out.
Discussion
Two alternative methods of modelling the propagation of terahertz radiation through a medium have been presented here. Although the models are intended to be used for simulating the propagation of terahertz radiation through skin, they were tested in the first instance against materials with well-characterized physical properties, at least up to 1 THz. There are currently very few data on the frequency-dependent properties of human tissue (Berry et al 2003) , and none at all on the properties of living tissue. Both the Monte Carlo and thin film models included the predicted etalon effects resulting from the particular range of wavelengths in the THz pulse and their proximity to the dimensions of the sample. Both models were shown, by comparison with experimental results on a waterbased phantom, to simulate the important spectral changes resulting from transmission of THz radiation through a layered, absorbing phantom. The models were in agreement across the frequency range, and there was no indication that the classically based thin film approach failed at the higher THz frequencies in the spectrum. However, the Monte Carlo simulation was the more accurate of the two. In 12 of 13 different sample concentrations the square root of the sum of the squared difference between the simulated and experimental spectra was lower for the Monte Carlo simulation.
Above 1 THz the parameters used in the Cole-Cole model, describing the physical properties of water and propanol-1, have not been experimentally verified and errors in these values are thought to be a cause in the overestimation of amplitude of both simulation results in this frequency range. When the fitting routine was used to extract the optimum absorption coefficient, it was shown to be significantly larger than predicted by the Cole-Cole model above 1 THz. It may be that the Cole-Cole model is not applicable in this frequency range, as the frequency of the incident radiation becomes significantly large compared to the reciprocal of the relaxation time. At higher frequencies, often above 6 THz, the response of dipolar liquids is no longer overdamped but becomes resonant and this behaviour is not described by the Cole-Cole (or similar) model (Kindt and Schmuttenmaer 1996) . The resonant frequencies of the phantom materials have not been investigated, and it is therefore possible that the divergence between the extrapolations based on the Cole-Cole model and the actual behaviour of the materials above 1 THz accounts for the observed discrepancies between model predictions and experiment in this higher frequency regime. A contribution from scattering would also account for the discrepancy, and this is discussed further below.
In the range below 1 THz, where the physical properties used in the simulations are known to be correct, any deviation between model and experiment is caused by inadequacies in the model. The principal simplifications were the omission of scattering from the models and the assumption of zero absorption within the TPX holder. In figures 3(a) and (b) it can be seen that the results for the two simulations deviate from experiment in opposite directions only for frequencies below 0.8 THz. The results in figure 4 , where the fitted absorption coefficient is higher than the Cole-Cole prediction for the thin film model, could be interpreted as indicating that there is additional attenuation occurring that is not accounted for by absorption. Above 0.8 THz a similar result would be expected for the Monte Carlo simulation.
In general, if the medium through which an electromagnetic wave passes is uniform in its properties, the wave propagates undeflected. Spatial or temporal variations in the electromagnetic properties of the medium will lead to a change in the direction of propagation of the wave and the wave is scattered. In this analysis, the three layers of the phantom were each assumed to have uniform properties and scattering is therefore confined to the interfaces between the layers. It is possible that in practice some scattering may occur within each layer, perhaps due to inhomogeneities in the mixing of the constituent liquids or in the properties of TPX, although it is expected that such variations would be small. The nature of the scattering at the interfaces may also not be accurately described, particularly if such interfaces are uneven on a length scale that is comparable to that of the THz wavelength. Such discrepancies between the phantom and its mathematical description may partially account for the results noted in figure 4 , where the measured attenuation exceeds that accounted for by an absorption coefficient based on a Cole-Cole model, thereby suggesting that additional scattering may be occurring.
In any event, in a layered biological structure such as skin, both inter-and intra-layer variations in the tissue electromagnetic properties, including those due to the granular nature of each tissue layer, will cause the behaviour of the transmitted wave to depart from that predicted by the models used in this study. A classical, non-resonant, description of scattering is possible (Born and Wolf 1999) . If, for simplicity, the granular inclusions in the layers are assumed to be spheres randomly embedded in a homogeneous medium, then useful analytic solutions for the scattering of electromagnetic radiation in the far-field emerge in two limiting situations. Mie scattering when the dimensions of the scattering spheres are large compared to the wavelength of the incident radiation, and Rayleigh scattering when the dimensions are small compared to the wavelength. Both limiting, and indeed intermediate, cases might be expected in biological tissues and such scattering processes would need to be included in a more accurate description of THz-tissue interaction.
For the extension to modelling human skin, the Monte Carlo model has the flexibility to support the investigation of many geometries. It can be developed to incorporate the concepts of refractive index and absorption coefficient to describe a sample, but one of its strengths lies in the fact that the theoretical description can be extended beyond this framework to consider forms of scattering and resonance features. A second advantage of the Monte Carlo model is that it also provides a framework within which the complexity of the model tissue geometry can be extended. For example, non-linear boundaries could be applied to model the surfaces between tissue of different types. The model could also be extended into three dimensions. The model can incorporate resonance features seen in the absorption spectrum of water in the THz region.
The interaction of THz radiation with water is a key interaction that it is important to understand to simulate the passage of THz radiation through human skin. When a beam of THz radiation passes through water, the following interactions can occur between the electric field of the radiation and the molecule: molecular rotation, molecular vibration, molecular stretch and combinations of these incorporating the interactions of the water molecules themselves. It has been reported that there are significant resonance peaks in the water absorption spectra for frequencies above a 6 THz threshold (Bezant 2000) , which is outside the bandwidth of our system. However in the range of 0.5 THz to 2 THz (Guillot 1991) more controversial, smaller features have been seen by some spectroscopic modalities, for example, depolarized Raman spectroscopy. Molecular dynamic and Monte Carlo simulations (Guillot and Guissani 1998) that solely incorporate these resonance features have been used to investigate this effect. The Monte Carlo model is also ideally placed to incorporate these types of interactions. Note, however, that the Monte Carlo approach is not inherently a quantum mechanical description; rather it is a stochastic approach and also may be used to describe classical phenomena.
The thin film analysis, based on a scattering matrix, is an alternative way of calculating the change in the magnitude of the electric field of the THz spectrum, at each specific frequency, as it passes through a system of defined geometry and known optical parameters. The geometry is restricted to a layered system with straight parallel boundaries. There is no restriction regarding the number of layers, each new layer simply introduces a new matrix into the mathematical framework and an additional multiplication step to form equation (A.4). If, for example, it is found that THz spectroscopy can distinguish between free water and that bound to a surface of collagen, the bound water could be modelled as an additional layer with the system. As THz radiation is likely to be a surface tissue-imaging tool, this approximation of separating regions with different physical properties could be made, for example, to skin, to sections of the colon or to other internal layered surfaces. An advantage of the thin film model is that it could be possible to measure the complex refractive index of one or more layers within the system. For example, for a disease such as basal cell carcinoma, where the damaged tissue is restricted to a specific layer of skin, the absorption coefficient and refractive index could be calculated by fitting the model to the experimental data, and extracting the two optical properties of the layer. These parameters could then be compared to those of a healthy basal cell layer. A clinical trial would be needed to investigate whether such parameters are markers for the disease.
Conclusion
In conclusion, both the Monte Carlo and the thin film analysis are suitable for modelling the passage of THz radiation for frequencies up to 3 THz. In a three layer, absorbing phantom, both reproduced the overall trend of the experimental spectra, including the etalon effects.
However, accurate knowledge of the frequency-dependent physical properties, including the scattering characteristics, of the absorbing medium is essential.
Similarly the ratio of the radiation reflected from the sample to the radiation incident upon it is 
